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1. At equilibrium the pressure � inside the vessel must be equal to the room pressure �0 plus the

pressure induced by the weight of the movable base: 
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π
+= . This is true before and after

irradiation. Initially the gas temperature is room temperature. Owing to the state equation of perfect

gases, the initial gas volume �1 is 
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��
����


�
	



��
)(

1
2

0
0

1
02

+∆+=⎟⎟⎠

⎞
⎜⎜⎝

⎛ ∆+= π
.

Numerical values: ��= 102.32 kPa; �2 = 322 K = 49°C

    2. The mechanical work made by the gas against the plate weight is ��∆
 and against the room
pressure is 
�� ∆2

0π , therefore the total work is J1.24)( 2
0 =∆+= 
����� π

    3. The internal energy, owing to the temperature variation, varies by an amount )( 02V ���� −=∆ .

The heat introduced into the system during the irradiation time ∆� is
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exclusively from the absorption of optical radiation and coincides therefore with the absorbed
optical energy, ��= 84 J.
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    4. Since the laser emits a constant power, the absorbed optical power is
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∆
= π  = 8.4 W. The energy of each photon is 	/λ, and thus the

number of photons absorbed per unit time is 
	
�λ

 = 2.2⋅1019 s-1

5. The potential energy change is equal to the mechanical work made against the plate weight,
therefore the efficiency η of the energy transformation is
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6. When the cylinder is rotated and its axis becomes horizontal, we have an adiabatic transformation
where the pressure changes from � to �0, and the temperature changes therefore to a new value �3.
The equation of the adiabatic transformation constant=γ��  may now be written in the form
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γ . Finally �3  = 321 K = 48°C
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�� 0.5 Understanding the relationship between inner and outer pressure
0.7 Proper  use of  the plate displacement
0.2+0.2 Correct results for final pressure
0.2+0.2 Correct results for final  temperature

�� 0.6 Understanding that the work is made both against plate weight and against
atmospheric pressure

0.2+0.2 Correct results for work

��� 1 Correct approach
0.5 Correct equation for heat
0.3 Understanding that the absorbed optical energy equals heat
0.2 Correct numerical result for optical energy

�� 0.2+0.2 Correct results for optical power
0.5 Einstein’s equation
0.3+0.3 Correct results for number of photons

�� 0.6 Computation of  the change in potential energy
0.2+0.2 Correct results for efficiency

�� 0.8 Understanding that the pressure returns to room value
0.4 Understanding that there is an adiabatic transformation
0.4 Equation of adiabatic transformation
0.5 Derivation of  γ from the relationship between specific heats
0.2+0.2 Correct results for temperature

For “correct results” two possible marks are given: the first one is for the analytical equation and
the second one for the numerical value.
For the numerical values a full score cannot be given if the number of digits is incorrect (more than
one digit more or less than those given in the solution) or if the units are incorrect or missing.
No bonus can be given for taking into account the gas weight
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1. The contribution to � given by each leg of the "V" has the same direction as that of a corresponding
infinite wire and therefore - if the current proceeds as indicated by the arrow - the magnetic field is
orthogonal to the wire plane taken as the ��� plane. If we use a right-handed reference frame as
indicated in the figure, �(P) is along the positive � axis.

For symmetry reasons, the total field is twice that generated by each leg and has still the same
direction.

2A. When α=π/2 the "V" becomes a straight infinite wire. In this case the magnitude of the field �(P) is

known to be 
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2B. If the student is aware of the equation 
�

�
� 210 coscos

4

θθ
π
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straight line at a distance � from point P and whose ends are seen from P under the angles θ1 and θ2,

he can find that the two legs of the “V” both produce fields 
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� . This is a more complete solution since it also proves

the angular dependence,  but it is not required.

3A. In order to compute �(P*) we may consider the "V" as equivalent to two crossed infinite wires (�
and � in the following figure) plus another "V", symmetrical to the first one, shown in the figure as
V', carrying the same current �, in opposite direction.
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� , and the field is

along the negative ��axis.
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   3B. The point P* inside a "V" with half-span α can be treated as if it would be on the outside of a "V"

with half-span π-α carrying the same current but in an opposite way, therefore the field is
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			� ; the direction is still that of the � axis but it is

along the negative axis because the current flows in the opposite way as previously discussed.

3C. If the student follows the procedure outlined under 2B., he/she may also find the field value in P*
by the same method.

4. The mechanical moment 	 acting on the magnetic needle placed in point P is given by  	 = µ
∧ �
(where the symbol ∧ is used for vector product). If the needle is displaced from its equilibrium
position by an angle β small enough to approximate sinβ with β, the angular momentum theorem

gives 
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� ββµ , where there is a minus sign because the mechanical momentum is

always opposite to the displacement from equilibrium. The period � of the small oscillations is

therefore given by 
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5. If we label with subscript A the computations based on Ampère's interpretation, and with subscript
BS those based on the other hypothesis by Biot and Savart, we have
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For α = π/2 (maximum possible value) �A = �BS; and for α → 0 BSBSA 128.1
2
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. Since

within this range 
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 is a monotonically growing function of α, 
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A
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is a monotonically

decreasing function of α; in an experiment it is therefore not possible to distinguish between the
two interpretations if the value of α is larger than the value for which �A = 1.10 �BS (10%

difference), namely when 
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⎛ . By looking into the trigonometry tables or

using a calculator we see that this condition is well approximated when α/2 = 0.38 rad; α must
therefore be smaller than 0.77 rad ≈ 44°.
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�� 1 for recognising that each leg gives the same contribution
0.5 for a correct sketch

�� 0.5 for recognising that α=π/2 for a straight wire, or for knowledge of the equation given in
2B.

0.25 for correct field equation (infinite or finite)
0.25 for value of 	

�� 0.7 for recognising that the V is equivalent to two infinite wires plus another V
0.3 for correct field equation for an infinite wire
0.5 for correct result for the intensity of the required field
0.5 for correct field direction

��������$��
0.8 for describing the point as outside a V with π-α half-amplitude and opposite current
0.7 for correct analytic result
0.5 for correct field direction

��������$��
0.5 for correctly using equation under 2B
1 for correct analytic result
0.5 for correct field direction

�� 0.5 for correct equation for mechanical moment 	
0.5 for doing small angle approximation sin β ≈ β
1 for correct equation of motion, including sign, or for recognizing analogy with

harmonic oscillator
0.5 for correct analytic result for �

��� 0.3 for correct formulas of the two periods
0.3 for recognising the limiting values for α
0.4 for correct ratio between the periods
1 for finding the relationship between α and tangent
0.5 for suitable approximate value of α
0.5 for final explicit limiting value of α

For the numerical values a full score cannot be given if the number of digits is incorrect (more than
one digit more or less than those given in the solution) or if the units are incorrect or missing
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1A. Assuming – as outlined in the text – that the orbit is circular, and relating the radial acceleration

�
� 2

 to the gravitational field 
2

S

�

��
 (where �S is the solar mass) we obtain Jupiter's orbital

speed m/s10306.1 4S ⋅≈=
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� .
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1B. Since we treat Jupiter’s motion as circular and uniform, 
J

2

�
�

��
πω == , where �J is the

revolution period of Jupiter, which is given in the list of the general physical constants.

2. The two gravitational forces on the space probe are equal when

2
S

2 )( ρρ −
=
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 (2)

(where ρ  is the distance from Jupiter and � is Jupiter’s mass), whence

S)( ��� ρρ =−  (3)

and

m10333.202997.0 10

S
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+
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�
ρ (4)

and therefore the two gravitational attractions are equal at a distance of about 23.3 million

kilometers  from Jupiter (about 334 Jupiter radii).

3. With a simple Galilean transformation we find that the velocity components of the probe in
Jupiter's reference frame are
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and therefore - in Jupiter's reference frame – the probe travels with an angle 
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�0
0 tanarc=θ  with

respect to the � axis and its speed is 22
0’ ��� +=  (we also note that 

’
cos

22
0

0 �
�

��

� =
+

=θ



Problem 3 – Solution Page 2

and 
’

sin 0

22
0

0
0 �
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� =
+

=θ ).

Using the given values we obtain  θ0 = 0.653 rad ≈ 37.4°  and  ��=1.65·104 m/s .

4. Since the probe trajectory can be described only approximately as the result of a two-body
gravitational interaction (we should also take into account the interaction with the Sun and other
planets) we assume a large but not infinite distance from Jupiter and we approximate the total
energy in Jupiter's reference frame as the probe's kinetic energy at that distance:

2’
2

1
��� ≈ (5)

The corresponding numerical value is � = 112 GJ.

5. Equation (1) shows that the radial distance becomes infinite, and its reciprocal equals zero, when
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We should also note that the radial distance can't be negative, and therefore its acceptable values

are those satisfying the equation
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The solutions for the limiting case of eq. (10) (i.e. when the equal sign applies) are:
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and therefore the angle ∆θ (shown in figure 2) between the two hyperbola asymptotes is given

by:
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In the last line, we used the value of the total energy as computed in the previous section.

6. The angular deviation is a monotonically decreasing function of the impact parameter, whence

the deviation has a maximum when the impact parameter has a minimum. From the discussion in

the previous section we easily see that the point of nearest approach is when θ�= 0, and in this

case the minimum distance between probe and planet center is easily obtained from eq. (1):
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By inverting equation (13) we obtain the impact parameter
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We may note that this result can alternatively be obtained by considering that, due to the

conservation of angular momentum, we have
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where we introduced the speed corresponding to the nearest approach. In addition, the

conservation of energy gives
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and by combining these two equations we obtain equation (14) again.

The impact parameter is an increasing function of the distance of nearest approach;

therefore, if the probe cannot approach Jupiter’s surface by less than two radii (and thus �min�=

3�B, where �B is Jupiter’s body radius), the minimum acceptable value of the impact parameter

is

B2
2
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6
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��
�� += (15)

From this equation we finally obtain the maximum possible deviation:
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and by using the numerical values we computed before we obtain:

�min� = 4.90·108 m  ≈ 7.0 �B and ∆θ�max�= 1.526 rad ≈ 87.4°

7. The final direction of motion with respect to the � axis in Jupiter’s reference frame is given by
the initial angle plus the deviation angle, thus θ 0 + ∆ θ  if the probe passes behind the planet. The

final velocity components in Jupiter's reference frame are therefore:

⎪
⎩

⎪
⎨

⎧

∆+=

∆+=

)sin(’’

)cos(’’

0

0

θθ

θθ

��

��

�

�

whereas in the Sun reference frame they are
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Therefore the final probe speed in the Sun reference frame is
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8. Using the value of the maximum possible angular deviation, the numerical result is �  = 2.62·104

m/s.
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�� 0.4 Law of gravitation, or law of circular uniform motion

0.4 Correct approach

0.4+0.3 Correct results for velocity of Jupiter

�� 0.3 Correct approach

0.4+0.3 Correct results for distance from Jupiter

�� 1 Correct transformation between reference frames

0.3+0.2 Correct results for probe speed in Jupiter reference frame

0.3+0.2 Correct results for probe angle

�� 0.8 Understanding how to handle the potential energy at infinity

0.2 Numerical result for kinetic energy

�� 0.6 Correct approach

0.6 Equation for the orientation of the asymptotes

0.8 Equation for the probe deflection angle

�� 0.3+0.2 Correct results for minimum impact parameter

0.3+0.2 Correct results for maximum deflection angle

�� 0.5 Equation for velocity components in the Sun reference frame

0.5 Equation for speed as a function of angular deflection

�� 0.5 Numerical result for final speed

For “correct results” two possible marks are given: the first one is for the analytical equation and
the second one for the numerical value.
For the numerical values a full score cannot be given if the number of digits is incorrect (more than
one digit more or less than those given in the solution) or if the units are incorrect or missing.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


